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Deconstruction is a powerful means to explore the rich dynamics of gauge theories in four 
and higher dimensions. We demonstrate that gauge symmetry breaking in a compactified 
higher dimensional theory can be formulated via deconstructed 4D moose theory with 
spontaneous symmetry breaking and without boundary condition. The proper higher-D 
boundary conditions are automatically induced in the continuum limit rather than being 
imposed. We identify and analyze the moose theories which exhibit delayed unitarity vi- 
olation (effective unitarity) as a collective effect of many gauge groups, without resorting 
to any known 5D geometry. Relevant phenomenological constraints are also addressed. 
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1. Advantageous Deconstruction 

Deconstruction "'^ is a powerful means to explore the rich dynamics of gauge theories 
in four and higher dimensions. A compactified higher dimensional theory may be de- 
constructed into a proper moose representatiori-'or the equivalent transverse Wilson 
latticei^i An essential advantage of the deconstruction is that it allows us to formu- 
late the often involved higher dimensional gauge symmetry breaking (without / with 
gauge group rank reduction) in terms of the conventional 4D gauged nonlinear 
sigma model a la CCWM, where no extra boundary condition (BC) is required a 
priori. Furthermore, deconstruction allows us to identify and analyze the general 
4D moose theories with arbitrary inputs of gauge couplings and Goldstone decay 
constants /j, or with only a few Kaluza-Klein modes. Such theories need not 

resemble any known higher-D geometry, but as we will show, they can still exhibit 
delayed unitarity violation (effective unitarity) as a collective effect of many partic- 
ipating gauge gro ups, which was originally revealed for the deconstruction of speci- 
fied 5D geometriea^^. The effective unitarity in the compactified or deconstructed 
5D Yang-Mills theories is ensured by the presence of spin-1 vector-bosons (gauge 
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KK modes ^IHEE rather than the conventional Higgs scalaJ^^^, which is the key for 
seeking reahstic Hig^ less models of electroweak symmetry breaking (EWSB) in the 



recent literatur a * I These new vector bosons also provide discovery signatures 
at the CERN LHC. 



2. Eaten Goldstone Bosons in General Higgsless Moose Theory 

Consider a most general linear moose theory, consisting of the replicated gauge 
group G^'^^ ® Gg^^ (8) Gp^^ ® • • • which is spontaneously broken to the diagonal 
subgroup Gd by the link fields Uj transforming as bi- fundamentals under the 
two adjacent gauge groups. Without losing generality, we wiU se*i2. Ga = SU{2), 
Gb = U{1) and Gc = • • • = for convenience of analyzing the EWSB, so the 
residual gauge symmetry is Gd — ^^(l)cm with a massless photon, as depicted in 

Fig. iIEl. 



9q 9\ 9n 9n+i 9n+m 9k+i 




fl f2 fw ^N+l fN+M fK+1 



Fig. 1. A generic Higgsless deconstruction of linear moose theory with arbitrary product gauge 
group G^^^ G^'^^ , where the most general inputs of gauge couplings and Goldstone decay 
constants {g^, f^.} (j = 0,1, ■ ■ ■ , K + 1; k = 1,2, ■ ■ ■ , K + I; K = N + M) aie allowed. The open 
circles represent the group Ga and shaded circles the group Gb- 



The Lagrangian for this linear moose theory is 

j=o j=i 



(1) 



with D'^Uj = ^^'U.J - igj_^A^^_^Uj + ig.jUjA'^ , and Uj = exp [i27Vj/fj] , where 
= AJ'^T" e SU{2)j for j = 0, 1, • • • , iV, and A^^ = A^T^ G U{l)j {j = N + 
1, • • • , K+1). Also, TTj = tt'^T" (1 j sC N+1) and ttj = n^T^ {N+2 < j K+1). 
The (TV + 1) X [N + 1) mass matrix of charged gauge bosons is given bj^l 
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which may be denoted as = M^^ j^^i-^ by using the notation of open/closed 

intervalJi^. Similarly the {K + 2) x (K + 2) mass matrix of neutral gauge bosons 
is M| = Mj-^ j^^i] and can be obtained from the matrix Mj^ ^^j^) with simple 
replacements, N ^ K + 1 and /if +2 ^ . The eigenvalues of are denoted 
by for light = boson and (w = 1, 2, • • • , A^) for heavy "KK" 

states W^, while has eigenvalues (M|) for photon A" (light = Z° boson) 



and Af|^ (z = 1, 2, • • • , K) for heavy "KK" states Z". With the diagonal matrices 
J^n+i = diag (/i , /2 , • ■ • , fn+i) /2 and Gr^+i = diag {g^, g^^, ■ ■ ■ , g„) , it is convenient 
to define the notations, Qw = J'n+i'^wGn+i and = •?^a:+i2'z^/k+2 , where 
the (A^ + 1) X (iV + 1) and {K + 1) x (K + 2) non-diagonal matrices Vw and Vz are 
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So the mass matrices (M^ , 


M|) and their duals ( 


M^, M 


) can be written 


= 
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(3) 



(4) 



where the dual mass matrices 



and 



share the same nonzero eigenvalues 



as and M| , respectively. This is because and (a = W,Z) are real 

symmetric matrices and Qa can be diagonalized by the bi-orthogonal rotations, 



(5) 



which leads to 



Tldiag^T 



Tldiag 



ml) 



2^diag 



(6) 



The (7V-I- 1) x (7V-I- 1) matrices : 
are all nonzero) because of ( 



and must have identical eigenvalues (which 

{M^y'^s . On the other hand, the {K + 2) x {K + 2) matrix (Qz'^^fiQT^) = 
(MJ)'^'^s has one zero-eigenvalue corresponding to the photon mass, and it is thus 
clear that the {K + 1) x {K + 1) matrix (Q^'''^)(Q^'''^)^ = (MD'^'^'s has if 1 
massive eigenvalues identical to those in (Ml)'^'^s . 

Expanding the Lagrangian ^ gives the gauge- Goldstone boson mixing term,li^ 



-W7, 



h.c. 
+ h.c. 



-K 



jdiagg^jjO ^ 



(7) 
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with 

= {A^'\ Af^, • • • , A%'' A^/^ = {Al^, , • • • , A%\^)^; 

n± = 7r±, . . . , no = (^0, • • • , 



(8) 



where (W^'', Z°^) are mass-eigenbasis fields, while (n^, n°) are "eaten" Gold- 
stone fields, which are connected to the site Goldstone states (11^, IJO) via 

= n± , n" = n° . (9) 

Hence, the "eaten" Goldstones are exactly aligned with the "gauge boson" mass- 
eigenstates of the dual moose. The gauge-Goldstone mixing Q can be removed by 
the familiar i?^ gauge-fixing term, 

N K+l 
n=0 „^o (10) 

where V^^^' € Z°^^), M^n e {Mwn,Mzn) and e (fw^ Cz) ■ Also, Z°j,\, = 

, Mz{K+i) = = and 7r^_^;^ = 0. From Eq. (Uni, the "eaten" Goldstone 
boson mass is given by M|„ = ia^an ■ 



3. 4D Higgs Mechanism and Geometrization in 5D Continuum 

Corresponding to the gauge-fixing H10() . we derive Faddeev-Popov ghost term, 

N K+l 
-CfP = \^nSF- + C-SF+] + J2 CnSF^ , (11) 

n=0 n=0 

which ensures invariance at quantum level. Extending the notations of 

|15| . we write the BRST transformations for the moose theory, 

-J„a _ ——n na-bc b c c--a _ _f-lpa 

^^n'^ = DZiV)cl , = i?,:^^ (^)c,^. , (12) 

where V^^ = (Fo'''', • • • , Vp^Y , H'^ = (^o > ' ' ' . "^P'V , = (eg, • • • , , and 
P,P' ^ N {P = K + 1, P' = A') for charged (neutral) fields. In D^^iV) 
and D!^l{n) are given by the gauge transformations of V^'^ and tt^, respectively; 
also we define the matrix = diag(DQj,, • • • , Dpf^Y ■ Following [Sl[7], we directly 
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extend Appendix-A of the fourth paper in jl5j to derive a 4D Slavnov- Taylor (ST) 
identity for the moose theory Q with replicated gauge group, 

(0|ri^°i"i (a;i)F''2»2 (a;^) • • • F""'"' (a;^ )$„ |0) = , (13) 

which is due to the manifest gauge invariance of the moose action J dx'^C from 
or the equivalent BRST invariance of the effective action J dx^ [C + £gf + C-pp] . 
In l(T^ <i>Q denotes other possible amputated physical fields. We stress that ((T^ 
generally holds for any possible form of the gauge- fixing function Compared 
to the SM cas the main complication below comes from amputating the external 
fields in l|13(l . due to the rotations in We find it convenient to introduce 

a matrix notation for all relevant gauge-fixing functions, 

F" =K"^V" , V"" = I ~ ) , K" = I ^\ ) , (14) 





where = diag(l, • • • , 1) and M„ = diag(Mao, • ■ ■ , Map) are (1 + P) x (1 + P) 
diagonal matrices with P ^ N [P = K + 1) for charged (neutral) sector. In (|14|) we 
have extended the column 11" to 1 + P dimensional with 7r^_j,i = 0. Introducing 

the external source term / d'^x T ^ V" -I- I -I- C F , we derive a generating 
equation for connected Green functions, 

r^(0|rsV"(x)|0) -^f (a;)(0|TsC°(a;)|0) ~ (0|rSC''(a;)|0)F(x) = 0, (15) 

from which we deduce an ST identity for the matrix propagator of V° , 

Kt'^V^\p)=-[n^\pf , (16) 

with 

v'^'^ij)) = (o|rv''v''^|o)(p) , 5(p)(5'^'' = (o|rc"c''|o)(p) , 

W\p)^^\)S(j>), ^^^^ 

Using (|16|l and collecting P"" in the matrix form F° for each external line in p3|l . 
we make an amputation for Unj, = G'[F''(p), • • •] = -[fl''1^T[V°(p), • • •], which 
leads to 

= r[p^v"^(p)-M^'^sc°n'^(p), ], 

= -i[l + 0(loop)] . 

Repeating this amputation for all external lines in p3|) . we arrive at a matrix 
identity for iS-matrix elements, 

r[F"HPi),F"^(P2), •••,F'^^(p,), <i>J = 0, (19) 
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where (p) = p^Wj^ - M^J'^sCH'^ = M^'''s(Vg - CW") with = egV;^ 
(e'g = pi'/Mf^'i), V"'^ = W±^, ZO^, and C = + O(loop)]. The identity 
l)19|l states that in the 5-niatrix element the unphysical eaten "KK" Goldstones 
n° and the unphysical "KK" scalar gauge-components are confined, so they 
together have no net contribution to any physical process — a quantitative formu- 
lation of the 4D Higgs mechanism at the S'-matrix level, which holds even without a 
physical Higgs boson such as in the present moose theory (gauged nonlinear sigma 
model) with replicated gauge groups. Under high energy expansion, Eq. H19|l re- 
sults in a generalized form of the equivalence theorem (ET)-'^^ ^, which connects the 
high energy longitudinal gauge boson scattering amplitude to that of the "eaten" 
Goldstone bosons, 

^[^^'"S^?"': •••] = •••] + o(^^^, (20) 

where — W^, Z'^^ {n = 0, 1, 2, • • •), and sums over repeated indices (mi, TO2, • • •) 
are implied. The exact expression of the 0{Manl En) term is obtained from directly 
expanding the FT identity (|19|l . in the same way as in '15'. The radiative modifi- 
cation factor is 



Cod""^""'' ^ CZm.CZra. ■■■ = {-zf [(5„,,„, <5„,„., • • •) + O(loOp)] , (21) 

which extends Ref. |^ to the case of replicated gauge group. 

Analyzing both sides of (|20|) , we observedl^ that the non-canceled leading E"^- 
terms in the usual nonlinear gauged sigma model are now suppressed by large N 
due to the collective effect of many "KK" modes in the deconstruction theory. 

To take the 5D continuum limit we redefine the lattice link field (Wilson line). 



Uj{x) — U{x,x^) — exp 



I / ^ dx^g J A5{x,x^) 



exp[ia5j.A5(x,4)] (22) 



where a = Ax^ is lattice spacing and Al{x,Xj) is related to the site-Goldstone 
boson Tx'-ix) in JH), Al{x,x^j) = TTj{x){2/gjfja). So the site-Goldstone field 
TTj will geometrize as component of the 5D gauge field Aj = (A°, A|) , 
where J,I, . . . G {fi, 5) denote the 5D Lorentz indices. Following ^Hl and ignor- 
ing the [/(1)*^+^ part of Fig. 1 for simplicity, we define the position-dependent 
couplings 5j — gc^Kj/^/a and decay constants fj = h^f , where g^ and / are 
pure constants of mass-dimension — ^ and 1, respectively. Thus we can derive, 
D^'UJ = -iag^F'-^^ + 0{a?) ^ -iaig^F''^'^{x,x]) + 0{a?) , where the identification 
A°^'^(x) -> {y/&lKj)A''-'{x,x]) = {grJgj)A''-\x,x]) is made under a = L/N 0. 
As such, we see that the Goldstone Lagrangian in the second term of (Q) just gives 



after imposing a nor- 



the continuum Ag-Lagrangian, dx^ -\h'^{x^)F°-^^^ F^^ 

malization condition a = {2/g^f)^ . With these, we reproduce a bulk S'C/(2)5d 
gauge theory from (^) in the continuum limit, 

-9 g'^'g^'^-^^F^jF^^, (23) 



4^2 (x^) 
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defined on a general 5D background, 

ds^ = [K{x^)h{x^)]^r]^^dx''dx'' - dx^dx^ , (24) 

where the metric gjj^ = diag (ri^^{Kh)^ , — l) . For the simplest case k = h — 1 , 
it reduces to flat 5D geometry, while for the case k — 1 and h ~ exp[— fc|a;^|] it 
reduces to the familiar warped RSlIHI. 

Various extended continuum models from 
(|23|l can be derived from the moose theory (QJ by including the U{1)^'^~^^ groups 
and/or proper folding(s) of the moose chain in Fig. 1. These together with the 
induced 5D BCs and possible brane kinetic terms will be analyzed in Sec. 4. 

Analyzing (|23() we construct an gauge-fixing term to remove the A"-^ — A""^ 
mixing, 

C^i = -^iF-)\ F-^K-^df^A'^'^ + ^Kdsih^A-''), (25) 

The corresponding ghost term is given by 

Cfp ^ csF", (26) 
and the 5D BRST transformations are 



sA'^-'^DfiA)^, 53a ^ _ ^^^afccjfc^c^ si^^-r'^"- (27) 



Using 5D gauge invariance of the action S5 , we derive an ST identity ' ' in parallel 
to the 4D result (O, 

{0\TF''^(x^)F''^(x2) ■ ■ ■ F'''(xe)^a,\0) = 0. (28) 

The 5D equation of motion (EOM) for free field is 

{dl - K^d^h^d^) K-{^- r 9.9^1°'^ = , 

(29) 

d.in'd^K'AD-C'dlAl = 0, 

where we have made integration by part in the action + S'gt + S'pp and verified 
that all surface terms vanish under the induced consistent BCs in Sec. 4. Then, we 
define the KK expansions, 



-.00 -.00 
A'^^ix) = ^ E Vr{x)Xn{x'>) , A^'^x) = ^ E 



(x^) . (30) 



As in [18j we find it convenient to work in the momentum space for 4D KK fields 
V^^'^ and position space for 5D wavefunction (AVi, Xn). Imposing the 4D EOMs for 
the free KK fields as usual, (9^ + Ml^)V^''{x) - (1 - i'^)^^'^''V^^{x) = and 
{dl + Mf„)y„"-^(a;) = , we derive from 

- K^d^ (h^d^Xn) = Ml^Xn , - dsin'^d^h^Xn) = r'MlA=„ , (31) 
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where {Man, Man) are mass-eigenvalues of 4D KK fields {V^^ , V^^) . Acting 
on the first equation of iflTT)) we see, cx d^Xn and Man = C-^an • So, with the 
normalization conditions of , we deduce from H31|l . 

With these we decompose the 5D gauge-fixing function i^" as 



oo 

^ Tl— 



(33) 



where K<,„ = (9^, -£,ManY and = (T^^, V^^f . Thus we derive a 4D ST 
identity from if^ . 



(0|ri^'^i"i(a;^)F"^"2(a;2)----F"*"Ha;£)4'a|0) = 0. 
Adding the KK expansions for ghost fields. 



(34) 



OO ^ oc 



ri=0 ^ n=0 

we derive the BRST transformations for the KK fields, 



^ n ^nra , 



1 T7<an 



(36) 



where 



r)ab,p, _ _Xabs: Q^i , 



1 



jjab,5 



dx K ^ All Alv, 



(37) 



mi 



LJo 



and repeated indices are summed up. To amputate the external fields in H34|l . 
we deduce an ST identity for the KK propagator of V^, similar to Eq. (|16|l . 



(38) 



with 

-Dnlip) = {0\TV- y^^|0)(p) , Snm{p)S-'^ = (0|r<C^ |0) (p) 



C(.).(o,x^i^>(.).(;:i^|| 



' -*P''^'^''[<5,™ + Aj„(p2)] ■ 

^^MamS'^nSjm+^U^P^)] 



(39) 
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Extension of the above formulation to include possible brane term is straightforward. 
Consider, for simplicity, a brane term similar to 16011 - 161(1 in Sec. 4, at y = 0, or L, 

Sbt = Jd'x 6ix^-y) ^F-^-^F-^ =Jd'x 5{x^^y)^ g^'^g'^ ^FfjP-^^ , (40) 

where C = C (?/) • (|40|l the second expression is equivalent to the first one under 
the covariant BC F^^ = [cf. 1(531) ] . and appears more convenient for direct extension 
of the above derivation. The brane term ((40(1 may vary, depending on the residual 
symmetry at the boundary. We stress that the total action + S'bt is invariant 
under the 5D gauge symmetry supplemented by the BCs [which are induced from the 
continuum limit of the gauge-invariant moose theory iPJ), cf. Sec. 4]. The quantized 
action may be written as 5*5 + S'bt + Sgt + Spp with Sgf + Spp = /d^a; [1 + C,5{x^— 
y)] (£gf +£fp) , which is expected from the deconstruction viewpoint since the gauge 
group at each lattice site of the 5D (including boundary sites) can be quantized with 
its own gauge-fixing and ghost terms as shown earlier in this section. With these 
and a prescription of the vanishing total derivative d^{- • •) under the integration 
/ dx^ [1 -I- C,5{x^ — y)] , we readily verify that the above Eqs. (|?7| - (P^ remain, except 
that all integrals in ((37(1 will contain an extra brane-term- factor [1 + C,5{x^ — y)]- 
Accordingly, the 5D wavefunctions (<%"„, Xn) satisfy the normalization conditions, 

L-i/dx5[l + C<5(a;5-y)]K-2A'„A',„ = (5„™, 

(41) 

L-i/dx5[l-HC<5(x^-y)]/i2A'„A'™ = 5n 



-'nni ; 



on the general 5D background. The corresponding normalization conditions for the 
KK mass-terms are, 

L-^Jdx^[l + CSix''-y)]h^dM5X„, = M^Jnm, 

(42) 

L-^Jdx^[l + CS{x^-y)]K^d5{h^Xn)d5ih^X„,) = M^Jnm- 

Under Eq. 1(32(1 we see that ((42(1 consistently reduces to ((41(1 . 

With these given, we are ready to amputate the external fields in ((34(1 and derive 
an identity for iS-matrix elements, 

T F ' \p,), F ' \p^), F ' \p,),<i>^ =0, (43) 



where F - pt'V^" - M„„Q,„K;'''" = ManiVi'' - C^^y^) , = 4^^/?" 



-an 

r^lA, \ / (All h /I// /'It 1/LH((. /I// /l/Uift /'It \ / (All I L \ 1 

[eg EE A:^/Af,„ - - t;'^, i-^ = 0(M,„/i;„)], and C^^ = z(M„„/M,„)[(l''+ 
A°(p2))(l -I- A°(p2))-i]„„ . Similar to lO for the deconstruction theory, our ET 
identity 1(43(1 shows that the unphysical scalar-KK-component Vg" and the fifth 
gauge-KK-component (or its linear composition C^^„^V^™) are confined at the 
5-matrix level, so they together have zero contribution to any physical process. This 
is just the q uantitative S-matrix formulation of the 5D geometric Higgs mechanism 
where V^"' 's serve as the would-be Goldstone bosons and get converted 
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to the longitudinal gauge KK- modes V^" 's. Expanding the ET identity 143|) . we 
thus derive a general Kaluza-Klein ET (KK-ET^ at asymptotic energy, 

where c^^^J-"^"-- = • • • C^^^, = *n(<5„,™,5„,™, • • •) + O(loop)] , and the 

external momenta are put on-shell (p^ — M^„). The exact expression of the sup- 
pressed term O {Man /En) in is tedious and is directly obtained from expanding 
the ET identity (|43|l by £5 = — w^, in the same way as in ^^-^ We stress that 
our KK-ET \4-4\j and its KK-ET identity \4-i^ are valid for arbitrary geometry with 
any consistent BC and possible brane term such as {40^ (cf. Sec. 4 for d etail) .'^ 
The KK-ET H44|l is the manifestation of the 5D geometric Higgs mechanisrrMJsl at 
the ^-matrix level, where the conversion V^"" V^" is realized. An essential 
advantage of this 5D formulation is that we start with the well-defined 4D moose 
theory (gauged nonlinear sigma model) which is manifestly gauge-invariant without 
any BC. The consistent BCs and possible brane terms are automatically inducedhy 
taking proper continuum limits (cf. Sec. 4), which also ensure the gauge-invariance 
of the 5D action at the boundaries. 

The gauge interactions of Vg"" arise from J "gi^"^^ under KK expan- 
sion. Examining thiJ^EI and applying power counting , we find that scalar ampli- 
tude T[Vg''^"^, Vg"^"^, ] — 0{E^) generally holds/, independent of the detail 

of any particular compactification/BC and possible brane term. Because of this and 

Eq. 103, we conclude that the longitudinal amplitude T[V^^"\ y^2"2^ j _ 

0{E^) , generally guaranteeing the i5-power cancellations down to a constant. 

Finally, we note that the nonlinearly realized gauge symmetry in the moose 

theories may be regarded as a (spontaneously) broken phase formulation, but the 

crucial difference from an arbitrary or random explicit symmetry breaking is that 

our formalism (including the continuum 5D action) is manifestly gauge-invariant 

or BRST-invariant in which the would-be Goldstone bosons and the corresponding 

"Higgs" mechanism are consistently embedded, so the various Slavnov- Taylor and 

Ward-Takahashi identities can be derived even in the broken phasJ^. It is such 

general identities and their resulting ET (|2()|l or KK-ET (|44|l that have directly 

guaranteed the relevant i?-cancellations in all 2 ^ n {n ^ 2) longitudinal gauge 

boson scatterings for any 4D or compactified higher-D theory, leading to the effective 
fi R 7 

unitarity. 



^ As well-knowr^3HEj the exact ET identity 1431 ensures the sum of the Goldstone ampUtude and 
the lengthy 0{Man/ En) term to precisely equal t he am plitude of longitudinal gauge bosons. 
^ After the completion of this manuscript, a preprini^Hl appeared which considered a generalization 
of the 5D ET in Refs. |S]|7] to include brane term in the special case of flat jZ^- 
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4. Deconstruction, (Non) Geometric Gauge Symmetry Breaking 
and Induced Boundary Conditions 

Various compactificd 5D theories can be derived by taking proper continuum limit 
of our general moose theory (Fig. 1). The bulk gauge symmetry and its breaking 
at the boundary are essentially determined by the structure of 4D moose and its 
spontaneous symmetry breaking pattern. In comparison with the traditional 4D 
Higgs mechanisrrPl which spontaneously breaks the gauge symmetry by nontriv- 
ial vacuum, the 5D gauge symmetry can be spontaneously broken by the proper 
compactification at boundaries which arise from the "boundary" groups (sites) of 
the moose theory (Fig. 1) under possible folding(s). This provides us a conceptu- 
ally clean and elegant formulation of the gauge symmetry breaking (without/ with 
gauge-group rank reduction) in compactified 5D theories, without inputting the 
BCs a priori or relying on the technique of adding extra boundary Higgs fieldJ^. 
Our generic moose analysis below also reveals that the induced 5D BCs for do 
not depend on particular choice of bulk geometry, while the same is not generally 
true for A"^. 

9q 9i 92 9n-i 9n 





fi f2 



'N-l Jn 



Fig. 2. Higgsless Moose-A: a special case of Fig. 1 with M = and /^y+i = . The gauge 
symmetry breaking pattern is SU(2)^'^^ — > SU{2)o , with massless zero modes. 

We start by considering the special case of Fig. 1 with AI ~ and /^v+i = , 
whose gauge symmetry breaking pattern is SU{2)^^^ SU{2)d, as shown in 
Fig. 2. The (N + 1) x (A^ + 1) gauge boson mass-matrix = ^[o n] given 
in (0) with /jv+i — , and its orthonormal eigenvectors are denoted as X„ = 
{Xon, Xin, ■ ■ ■ , Xnu)^ {n — Q,1,2, - ■ ■ , N). So the gauge-eigenbasis field A"^ and 
mass-eigenbasis field are connected by = M^jV"^ with rotation K„ = 

(Xo, Xi, • • • , Xat) , i.e., 

N oo 

=E^n''^^"' =^ >^(J) =^^Fr(:r)A'„(x5), (45) 

n=0 ^ n=0 

where the second relation is the corresponding continuum KK-expansion under 
N ^ oo and j a — > . Analyzing the eigenvalue equation M^X„ ~ AnX„ , we 
find that the eigenvectors satisfy the following consistency relations, 

ffo^'^O.n — 5-1-^^-1," — 0, 9N+l^N+l,n — gN'^N,n — 0. (46) 

As shown above Eq. H23|) , taking the 5D continuum limit leads to the identification, 
A°i'^{x) —> {g^/gj)A"-^{x, x^) . Combining this with 145|) we find that the eigenvector 
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Xjn is related to the 5D KK-wavelunction A'„(x^) via gjXjn {g,^/ VL )Xn{xj) . 
Hence, we rewrite (I46|l as conditions for the 5D KK-wavefunction Xn{Xj) , 

Xnixl) - Xn{xt^) - , Xn{x%+i) - X„{x%) = . (47) 

From H47|) . we thus derive the induced boundary conditions (BCs) of Neumann type 
in the 5D continuum hmit, 



d,A; =0, 



= 0, 



(48) 



where L = A^a is the length of 5D. This compactified 5D theory has an unbroken 
SU(2) gauge symmetry survived in 4D (corresponding to the residual diagonal group 
SU{2)o of the Moose-A in Fig. 2), which ensures the massless zero KK-modes. So, 
the Neumann BCs (gHll break a 5D SU{2) into a 4D SU{2) (with massive gauge KK 
towers as well as massless zero modes), and preserve the rank of 5D gauge group, 
precisely matching the symmetry breaking structure of its parent Moose-A in Fig. 2. 

We can further derive the BCs for A"-^ . In the continuum limit the site-Goldstone 
fields 7r° will geometrize as A°'^ [cf. H22(l ]. while the eaten Goldstones ttJ^ will ge- 
ometrize as the KK modes V^^ [cf. H50() below]. From the mass-diagonalization in 
Eqs. © and ((HJ and the gauge-fixing in Eq. (|l()|l . we see that the eaten Gold- 
stone fields IT" have mass matrix Ca(M^)^"*8; Qjid the site-Goldstones 11" have mass 
matrix faM^. For the Moose-A (Fig. 2), we derive the N x N mass matrix M^, 





-5?/l./2 








-51/1/2 


(5?+5l)/l 


—52/2/3 








-52./2./3 


(5l+5|)./l 


—53/3/4 




















— 5^-l/Af-l/jV 





(49) 



7 

whose orthonormal eigenvectors are denoted by X„ ~ [Xin, X2n, ■ ■ ■ , Xpfn)'^ 
[n = 1,2, •••,iV). The orthogonal rotation matrix in Q is thus given by = 
(Xi, X2, • • • , X^r) . So, in the continuum limit we have the following geometriza- 
tion, 



N 

E 

n=0 



n— 



V:^{x)Xn{x^ 



(50) 



As shown below Eq. 123), the site-Goldstone field 7r| — (5^/^ a/2)Ag(x, x^) is 
connected to the 5D gauge field Al{x,x^) via tt" {a.g^fj/2)A'^{x,x^) in the 
continuum limit. So, from (|50|l we find that Xjn and Xn{x^) are connected via 
Xjn {&g^fj /2\/Tj)Xn{x^) ■ Analyzing the eigenvalue equation M^Xn = ^nXn , 
we find that the eigenvectors must satisfy the following consistency conditions, 

Xo,„=0, Xjv+i,„=0; =^ Xn{xl) = Q, Xn{x%+^) = Q. (51) 
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In the continuum limit, they result in the induced 5D BCs for 



5' 



^5 



= 0, 



= 0, 



(52) 



which are both of Dirichlet type, unlike the Neumann BCs for in (|48|) . This is 
fully consistent with the relation dr-,Xn (x Xn in H32() for 5D KK-wavefunctions. We 
also note that the Neumann BCs igHl) for A"'' and the Dirichlet BCs ^ for A°-^ 
can be combined into a gauge-covariant form, 



0, 



0, 



(53) 



which explicitly retains the gauge-invariance of the 5D action at the corresponding 
boundary. 

We then turn to a different gauge symmetry breaking structure. This is most 
cleanly described by the Moose-B in Fig. 3 (which we called "enlarged moose" in 
2001'). This is a special case of our general moose theory in Fig. 1 with M = 
and gj^j^i — 0, with gauge group breaking pattern S'C/(2)^+^ ^ nothing . As we 
will show, it induces the Dirichlet type BCs in 5D continuum limit and reduces the 
rank of the 5D gauge group. 



9o 



9i 



92 



9n- 




fi 



f 



N-l 



f 



9n 




N 



f 



N+1 



Fig. 3. Higgsless Moose-B: a special case of Fig. 1 with Af = and g^y+i ~ ^ ■ "^^^ gS'UgE 
symmetry breaking pattern is SU{2)^^^ —> nothing, without massless "zero modes". 

The gauge boson mass matrix = M^q n+i) J^^* given by Eq. |5J, which 
has massive eigenvalues only. Analyzing the eigenvalue equation MaX„ = A„X„ , 
we observe that the eigenvectors satisfy the following consistency relations, 

<?o^o,n — 5-1^-1," — Oj Xn^iji = 0; 

(54) 



Xn{x 



= 0. 



Taking the continuum limit as before, we derive the induced BCs, 



= 0. 



= 0, 



(55) 



where we see that similar to (|48ll the BC at a;^ = remains the Neumann type, 
but the new condition at = L is a Dirichlet BC. The moose representation of 
Fig. 3 clearly shows that it is this induced Dirichlet BC a,t x^ = L that completely 
breaks the 5D SU (2) gauge group and makes all zero KK- modes massive. The above 
formulation based on the Moose-A and -B can be directly generalized to any 5D 
gauge theory with an arbitrary simple group Ga ■ 
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We have also derived the BCs for A"-^ in the Moosc-B. Consider the mass matrix 
^aMl for site-Goldstone fields XI", where the (A^ + 1) x (A^ + 1) matrix can be 
obtained from H49|) by simple replacements N ^ N + \ and ffjv+i ^ *-* • Analyz- 
ing the eigenvalue equation M^X„ = A„X„ , we deduce the following consistency 
relations for the eigenvectors, 

X().,n — , lN+2-^N+2,n — ftq+l-^N+Ln = . (56) 

As before, we have the identification, Xjn ^ {a.g^fj/2^/L)Xn{xj) , in the contin- 
uum limit. So we can rewrite (|56|l as conditions for A'„(a;^), 

^niXo) — 0, fN+2'^n{x%^2)~'fN+l^n{x%^i) = 0. (57) 

With the definition fj — hjf — h{x^)f , we derive the induced BCs from H56|l in 
the 5D continuum limit. 



^5 



= 0, d^ih^At) ^ - 0. (58) 



=L 



They are fully consistent with the BCs for A'^ in 1)551) according to Eq. I|32() which 
gives d^Xn oc Xn and d5{h^Xn) oc Xn ■ Note that, unlike the Dirichlet BC for A^, 
the Neumann BC for does depend on the bulk geometry via the function h{x^) . 
Implications of this will be explored elsewherJ^. 



'N-l Jn 



(a). 



Qo 9i 92 9n-2 9n-i 9n 

(b). 





fl f2 



'N-l JN J N+1 





9o 9i 92 9n-2 9n-i 9n 

Fig. 4. Two dual mooses: (a). Moose-A is the dual of Moose-A in Fig. 2; (b). Moose-B is the dual 
of Moose-B in Fig. 3. 

It is also instructive to view the Goldstone mass matri x M? a s the "gauge boson" 
mass matrix generated in the corresponding dual moos a I I which is defined by 
the exchange {gn\ ■< — ^ {/«} from the original moose. We show the dual versions of 
the Moose-A and -B in Fig. 4. With the notations of open/closed intervals, it may be 
convenient to denote the dual mass matrix as = M^^ n+i) ^'^'^ Moose-A (where 
the sites j = 0, A^ + l themselves have no contribution due to /q = /jv+i — 0)j 
and — M^^, n+i] '^'-'^ Moose-B (where the site j = has no contribution due 
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to /o = ). Comparing the dual Moose- A [Fig. 4(a)] with Moose-A [Fig. 2], we can 
now intuitively see why the BCs for X„ and A""^ in (|51II - H52I) just take Dirichlet type, 
different from the Neumann BCs (|46l) - (|48|l for X„ and A"-^^ . Similarly, comparison of 
the dual Moose-B [Fig. 4(b)] with Moose-B [Fig. 3] explains the difference between 
the BCs (IHH)-® and 

Another advantage of our general deconstruction formalism is that we can also 
derive the proper brane kinetic terms in the continuum limit. Considering our 
Moose-B for instance, we quantify how a brane term aA, — Q is reconstructed 
from localizing the boundary group S'f7(2)o at site j = . Setting ^ /J (j ^ 2) 
for taking the continuum limit (which prevents the site-0 from joining the 5D geom- 
etry), we examine the equation of motion (EDM) for Aq^ and derive the following 
relation, 

AT - {9J%)AT- (59) 
In the continuum theory, this localizes SU{2)q as a brane kinetic term at — Q , 

-{9_/9,f 
4 

where g = denotes the 5D gauge coupling. The above brane term may be viewed 
as being actually localized at x^ = 0+ , the right-neighborhood of the point x^ — 
at which our BC SgA^l^s^Q = is imposed. This is because our deconstruction 
procedure of deriving this BC from (I54II includes the boundary site j = itself plus 
its left-neighborhood. We also note that the theory obeys a covariant BC F^^ = 
at = [similar to H53|l ]. so we may rewrite the brane term H60(l to have explicit 
invariance under the 5D gauge group at x^ = 0, 

Sbt = Jd^x Six''-0)V^g"'g-"'j^F?jF^j^, (61) 

where C = (5/30)^'*^ (0) . Other brane terms may be rewritten in the similar way. 

Next, we analyze the Moose-C in Fig. 5, which is a special case of Fig. 1 with 
M — and 7^ . As a slight variation of Moose-B, Moose-C has gauged its 

subgroup U{1)n+i and has the symmetry breaking pattern SU{2)^^^ (g) U{1) 
U{l)em , as a straightforward extension of Ref. 22 which studied the nontrivial 
minimal models 5f/(2)3 (g, [/(I) ^ C/(l)cm (A^ + 1 = 3) and SU{2)'^ ® U{1)^ 
[/(l)cm (A^ + 1 = M + 1 = 2) with general inputs {gj, f^) . 

The charged gauge boson mass matrix = M^p n+i) given in ||2J), the same 
as in Moose-B, while the neutral gauge boson mass matrix M| = M|j J^^^l] can be 
obtained from [Moose-A] with a replacement N A^ + 1. In consequence we 
find that the consistency relations for the eigenvectors {X,^} and {X^} are just a 
mixture of Moose-A and -B in H46|l and (|54|l , 

3 3 3 3 V / 

50^0,?i ^ .9-1^-1, n ~ 0' 5iV+2^iV+2,n ~ 5iV+l^iV+l,n ~ 0. 



2, 2008 1:38 WSPC/INSTRUCTION FILE HEDPF04DC 



16 H.-J. He 



9o 



9i 



fi 



92 
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f 
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f 



9n 9n+i 




N 



' N+1 



Fig. 5. Higgsless Moose-C: a special case of Fig. 1 with M = and gff^_i ^ . The gauge 
symmetry breaking pattern is SU{2)^^^ Cgi U{1) — > f/(l)cm , extended from Ref. [22]. 

So, with the same reasoning as before, we obtain the induced continuum BCs which 
combine (|55f) for charged sector and (|48|) for neutral sector. 



0, 



0; 



0, 



0. 



(63) 



In the continuum hmit, the boundary group U{1)n+i will be localized at = 
L , similar to the brane term which we reconstructed in (|6()|l . So, we can localize 
U{1)n+i by setting f^^i ^ ff [j ^ N) for the continumn limit. We quantify this 
by examining the EOM for ^^f+i under large f%^i limit, thus we derive a relation, 

A^^i = (3^/.9^^+lX^ (64) 
which generates the localized brane kinetic term at = L , 



(Fx Six-'-L)- 



_p3 p3tJ.iy 



(65) 



4 

This brane term is actually localized at x^ = L~ , the left-neighborhood of a;^ = L 
at which the BC di^A^\^5^L = is imposed, since our deconstruction procedure 
of deriving this BC from includes the boundary site j — N + 1 plus its right- 
neighborhood. 

We then consider the Moose-D in Fig. 6 which is obtained from Fig. 1 by folding 
the SU{2) lattice chain once at the middle with renumbering N — 27V and setting 
M = 0. The gauge symmetry breaking structure is SU{2)^+^ (g) SU{2)^ (g) U{1) ^ 
;7(l)cm, where S't/(2)^+^ part has inputs {g^, 4} and SU{2)^ (g> U{1) part has 
inputs {g^, fj. 

The continuum hmit of Moose-D has the bulk gauge group [SU {2)l®SU (2)/j]5d 
(with 5D gauge couplings 'g^ and g^j), plus a C/(l)o brane term localized at x^ = 



[similar to H65(l of Moose-C]. The other brane terms at 



n5 — 



for SU{2)l 



[similar to H60|l of Moose-C] and at x^ — L for SU{2)£i are also possible. From our 
moose formulation, it is clear that at = the BCs for SU{2)l and SU{2)fi are 
essentially the same as those of Moose-C at x^ =Q and x^ = L, respectively, i.e.. 



= 0; 



= 0, 



= 0. 



(66) 



We then derive the new BCs at 



n5 — 



L. Ordering the sites j = 0,l,---,iV, 



TV, A^-|-l, •••,1,0, we can write down the charged gauge boson mass matrix 
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9o 



fi 
fi 
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/iV-l 
/iV-1 
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9n-^ 



9n 





9n 



Fig. 6. Higgsless Moose-D: Folding the SU{2)^'^^ moose chain once produces a variation of 
Higgsless deconstruction from Fig. 1 with M = and by renumbering A'^ — » 2N . The gauge 
symmetry breaking pattern is SU{2)^+^ ® SU{2)^ ® 1/(1) U{1) cm ) whose continuum limit 
has a bulk gauge group [SU{2)i^ (gi S'L''(2)fl]5D • 



Inspecting their 



Mf ~. and the neutral eauee boson mass matrix M? = M.f ~, 

[0,0) o o z [Q_Q] 

eigenvalue equations we derive the consistency relations for the eigenvectors X„ e 
SU{2)l and X„ e SU{2)n., related to the boundary = L , 



F'^{9n^Nji — 9N^N,n) + f N +1(9 N+l^N +1,71 ~ 9N^N,n) 
'F'^{9N^N,n — gN^N,n) + In +l{9 N +1^ N +l,n — 9N^N,n) 



0, 



(67) 



The eigenvectors {Xjn, Xjn) are related to the latticized 5D KK-wavefunctions 
(^Xnixf), Xn{xf)'^ = {Xjn, Xjn) = /l (^^^i"' ^^^") ' "^"^ rewrite ^ as 
conditions for (Aj„, Xjn) , 

P'^{9L^N,n — gB.^N,n) + 9LfN+l{^N+l,n — XN,n) — 0, 



~P^{9L''^N,n ^ 9R^N,n) + 9RfN+l{X^+l^n — Xjsi^n) — 0, 

which are equivalent to 

9L^N,n — gRXN,n — ffi (/w+l /^)'^ ('^A'.n — '^JV+l.n) , 
.9_R(<^JV+l,ri — Xnji) + .g^(A'Ar+i_„ — XN,n) — , 



(68) 



(69) 



where C = (5i?/Ar+i)/(5L/jv+i) ■ With the definitions fj = /ij/^ and Z^- = /i^/^ , 
we have the lattice spacing a = (2/3^/1,)^ = (2/5^/^)^ [as shown above (f^ ]. 
which leads to a geometric equality g^/^ = guffj ■ Hence the 5D geometry ensures 
C = 1 . Taking continuum limit, we derive the induced 5D BCs from H69(l . 



a /J. 
L 



9RAn' 



0, + 



(70) 



We may also reconstruct a brane term at ^ L . This can be done by taking 



and > /|<jv 



together with 



This will localize the 
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diagonal group S'[/(2)^ at — L. By definition, = g^Kj/^/a and gj = 
'gj^Kj/^/a , which contain the same kj because of the 5D geometry in the continuum 
hmit of Moose-D. Thus, gj^/gj^ = dnJdN — V^/'^n = V ■ So we can write the 
brane couphng of SU{2)^ as 5^ = 1/^/l/g 



% + ^9% = V '^9L9R/Vdl + 9r ■ The 
brane gauge field is A'^jj — {g^A'^+gpfA'^)/ g% + g% ■ In the continuum limit. 



it becomes A'^j-, 



v{9rAT 



1 



Yang-Mills term — - {F- 



a^u \ 2 
N,D) 



the brane localized kinetic term at = L , 



9LA'kn/V9T+^ at x5 = L, 

— - — ^3RFr+9LFr'' 



'BT 



d^xSix'^-L) 



9rF\ 



9lF, 



and leads to the 
Hence, we derive 

(71) 



The possible brane terms at 
B and Moose- C. 



can be similarly reconstructed as in our Moose- 



0-0 hO-O 00 — ^00 

Q-O- — OKp CtO- OKj 

00 H>-0 Ch-Ch ^00 



(a) 



(b) 



Fig. 7. Higgsless Moose-E with double-folding from the general moose theory in Fig. 1. (a). Moose- 
El in the continuum limit has gauge group [5f7(2)'^]5D Cs) U{l)o . (b). Moose-E2 in the continuum 
limit has gauge group [SU(2)ij ® SU{2)ji C3 U{l)x]siy ■ They are both broken to (7(l)cm. 

A further extension of the Moose-D is to fold the S'[/(2)-chain twice, called 
Moose-El in Fig. 7(a). This leads to a 5D continuum Higgsless theory with sym- 
metry [S'C/(2)'^]5D ® U{1)q whose BCs can be similarly derived as in Moose-D. 
The gauge group breaks as [SU{2)'^]^d ® U{1)q C^(l)em under compactification. 
Another variation is to add many C/(l)'s to Moose-D and form a separate U{1)- 
chain, or, from Fig. 1 we can fold the S'C/(2)-chain once in its middle as well as 
folding the moose at the intersection of the SU{2) and U{1) chains, which we 
call Moose-E2 in Fig. 7(b). Its 5D continuum model has the bulk gauge group 
\SU{2)l ® SU{2)r (g) U{l)x]m which, for the case of warped geometry, gives pre- 
cisely the 5D Higgsless model proposed by Csaki et al TV . Possible brane terms 
can be generated in the continuum limit as we discussed before. With the above 
method, we have also derived all the induced BCs in the continuum limit of Moose- 
E2, and found that the BCs for (1°'', 1^'', B^') agree with the BCs of Csaki et al 
(based on the techniquJ^of adding extra boundary H iggs fields with large VEV). 
Systematic elaboration of these will be given elsewhere.!^ 
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5. Effective Unitarity of Higgsless Deconstruction Without Geometry 

In this section we will demonstrate a conceptual point that the delayed unitarity 
violation (effective unitarity) in the general moose theory can be realized without 
resorting to any known 5D geometry. We observe that the delay of unitarity violation 
is essentially a collective effect due to the participation in the EWSB from many 
gauge groups whose own symmetry breaking scales {fj} are higher than the SM 
EWSB scale, v — {■\/2Gf)~^^'^ — 246 GeV and whose gauge couphngs {g^} are 
larger than g £ 5[/(2)sm- Such a collective effect does not necessarily require any 
exact 5D geometry, and can be realized in general non-geometric moose settings 
with relevant input parameters > v and/or gj > g . 



5.1. Formulation of the Effective Unitarity 

To analyze the unitarity it is enough to consider the 5jv+i ^ limit, so the non- 
trivial part of Fig. 1 reduces to our Moose-B (Fig. 3), corresponding to the custodial 
symmetry limit. The other settings such as Moose-C,D,E also reduce to Moose-B at 
the zeroth order of g^^i ■ From Eq. Q we first derive the relevant unitary-gauge 
Lagrangian, 



C = 



N 



1 



_|_ pa pa^iu . 



(72) 



int 



with the Yang-Mills interactions, 



£int 
G 



N 

E 

j=0 I 



/-labc i^^P-^ Ah AC ^3 r^ahc /^ade acu \d \e 



(73) 



G 



k'n 



G: 



kin 



(jabc (jade p^bp W^Wt .. Wl 



where f]^" = d^^A^ - d^A'^^'' , IF"''" = df'W^'' - d^'W^^ , and W"'^ = 
{Wq^ , • • • , W^^Y" denotes the mass-eigenbasis fields. Also the sums over repeated 
indices k,£,m,n = {0,1, ■ ■ ■ , N) are implied. In Eg. I|73|l the effective cubic and 
quartic gauge couplings are given by 

N N 

Gknin \ ^ ^ Tipa jn,b tijc /^kimn \ ^ ^2 Tn)6 Tipc? Tipc Tipe 

3 - 2^9j ^jk^jni^jn > - 9j ^jk^ji^jni^jn ' \'^) 

3=0 3=0 

with W ^ determined from the diagonahzation K^M^Mvf = (M^)'*''^^ . 
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The longitudinal gauge boson scattering W^^W^^ ^kL^iL ^he follow- 
ing structure, 



rj-ab^cd rr-ab^cd . rrab.cd , rrab.cd . rrab^cd 

^mn,kl ~ ^rrm.,kl[c\ + "'mn,fc£[s] ' ^mn,kl[t\ ^mn.M[, 



N 



/^mnki A abed , \ ^ 

J=0 



^3 ^3 Aabcd , ^3 ^3 Aabcd , ^3 ^3 Aabcd 



(75) 



which is a sum of possible diagrams from the contact interactions (denoted as [c]) 
and the gauge boson exchanges via (s, i, u)-channels (denoted as [s], [i], [w]). Here 
the quantities -^['c^'^f'^] [jj [u] contain an overall factor of relevant SU{2) structure 
constants, and are functions of the energy ^/s and scattering angle 0, whose ana- 
lytical structures are identical to that of the (Higgsless) SM (with g' ~ 0) up to a 
simple overall factor g^. Taking the asymptotic energy s ^"^^1 expanding 

the amplitude (|75|l . we observe that all 0{E'^) terms exactly cancel as enforced by 
the ET l|20() . while the nonzero OiE'^) terms are suppressedhy large A^-|-l , leading 
to the delayed unitarity violatiorP in deconstruction theories. 

To understand the suppressed 0{E^) terms, it is very useful to examine the pure 
Goldstone interactions derived from with general inputs for Moose-B, 

4"* = [{nld,it){^ld^^'j - {nll^t){d,lild^^n'j] + 0(i^f ) , (76) 

where (k, £,m,n) = 0,1,2, - ■■, N and sum over repeated indices is implied. The 
quartic coupling of the eaten Goldstone bosons is 

^+1 1,2 ^ ^ ^ ^ 
Cfc^nm = X! 'JT^jk^'ji^'jmM'jn ^ 1 ; (77) 
J = l ■'^ 

with = Rw determined from the diagonalization R^M^RvK = (M^)'^'''*^ • For 
the special case of the Higgsless SM (A^-|-l = AI+1 = 1), the coupling Cq^q = 1 , so 
there is no suppression for the eaten Goldstone interactions. Computing the leading 
amplitude of the Goldstone scattering 7r,°Tf,Jj T^n'^t ('^ ^ 0), we arrive at 

T[5?^^?^ ^ H^ni] = -^^^ \s S^H-"^ + 1 5°'^5'"^ + u 5'"^5''^] , (78) 

V 

as compared to the unsuppressed result in the Higgsless SM, 

T[^;jS=g ^ ^S^olsM = ^ ^"''5"'^ + t S'^'S'"^ + u S'^^S''^] . (79) 

Thus, we find that our general Moose-B has a delayed unitarity violation scale for 
the Goldstone scattering tt^tt^ ^^n^t ("^ ^ 0)7 relative to the ?i = = case 
of the Higgsless SM, 

^ - >1, with C„„„„ = V -^R^„^ (80) 
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The original analysis [Hj found that for a flat-geometry input /q 
and gg 



In — I 



■ ■ ~ 9u.= 5 J the delay factor is ~ {f /v)^/ N + 1 for large A^+l, 
where / scales like \fW+l when holding g and \/ R. This means'^ that for large 
A^ + l , the delay factor scales as A^+l . 

To analyze essential features of the delay factor , we first consider the simplest 
fiat version of Moose-B (Fig. 3) with massive zero-modes, by setting the inputs 
fo = ■ ■ ■ = In = In+i = f and g^ ••• = g^ = 9- The Goldstone decay 
constants fj are connected to the EWSB vacuum expectation value (VEV) v via 
the low energy four-fermion interactions!^! 



1 



JV+l 

j=p+i Jj 



= V = V2G 



246 GeV , 



(81) 



where the site j = p G [0,-/V] is the location of left-handed SM fermions. Thus, 
inputting v makes one of {/j}'s non-independent, and for the flat (equal) fj 's 

we deduce / 

,-2 



relation g^ 
have gj=g 



V\/N + 1 — p . The symmetry breaking pattern also imposes a 
g^^ with g S SU{2)w, so for the flat (equal) 5 's we 



-2 
9n 



g^/N+1 . With these we exactly solve all the mass eigenvalues and 



eigenvectors. In particular we flnd that site-Goldstones 11" = (ttJ, • • • , tt^^^) are 
connected to the eaten Goldstoncs 11" = {ttq, ■ ■ ■ ,7r^)^ by the orthogonal rotation 



^n" with 




sin [{j + l)an 



(j,n-0,l,---,7V), 



(82) 



where a„ = (n -I- i) tt/ (^N + |) . In the gauge sector we deduce the transformation 
from the site-fields {AJ^} to the mass-eigenbasis fields {W^^} via A"'^ = M"W"^ 
with 



jn 



N- 



cos 



(j, 71 = 0,1, •••,iV). 



(83) 



Substituting and the relation / = Vy/N + 1 — p into Eq. (IHOJ, we compute 
the delay factor for a flat Moose-B, 



I 

V 



N 

j=o 



l(N+l]iN+l-p) 



(84) 



which scales as N/\/1.5 for large iV-|-l and small p 
the factor ^-^j will be reduced, scaling like ■ 



- 0(1) . For large p^ N , 

From the above, we see that a sizable delay factor > 1 is essentially due 
to the collective effect of the many gauge groups participating in the EWSB via 
(i) the composition of the eaten Goldstone state tt" = ^jn^j i^i terms of all 
N + 1 site-Goldstones {""j}; and (ii) many comparable symmetry breaking scales 
/ > V under the condition (|81|l . We observe that the realization of this collective 
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effect does not necessarily require the moose inputs (g^ , /^) to obey any exact 5D 
geometry. In fact, for the general parameters (g^-, /j.) , we can achieve a visible 
delay factor 3!-^j > 1 as long as + 1 is reasonably large (implying that many 
site-Goldstones participate in the collective symmetry breaking) and all relevant 
fk) ^''S significantly larger than [g, v) of the SM. With these two requirements 
satisfied, we find that, even if the precise pattern of the inputs [g^ /j.) are very 
non-geometric and random-like, a nearly maximal delay factor can be reached for 
each given p , which roughly scales like 

~ ^u"" 0{1)[{N + 1){N +l-p)Y ■ (85) 

Finally, we note that the above instructive estimate of the delay factor Si^ 
is based on the leading Goldstone amplitude at 0{E'^). The exact longitudinal 
gauge boson amplitude (|75|) may result in a stronger unitarity limit E* and thus 
smaller delay factor i^y, since the analysis of leading £'^-amplitude of the Goldstone 
scattering has ignored all the subleading terms of 0{E^) and 0{M^^/ E"^) which 
could be visible when iV-|-l is not too large and the limit E* is only around a few 
TeV. So, in the explicit analysis below, we will directly compute the gauge boson 
amplitude (j75|l for deriving the unitarity bound E* . 

5.2. Explicit Analysis of Effective Unitarity Without Geometry 

Next, we explicitly demonstrate how the effective unitarity can be realized in var- 
ious minimal moose theories without geometry. For the explicit analysis, we will 
focus on the zero-mode amplitude ^[W^ql^ol ~^ ^ol^olI which is also to be 
tested at the LHC. The unitarity requires its s-wave amplitude to be bounded 
from above, |aQooo[«^)Ct^]| < 1/2, where the possible effect of final state identi- 
cal particles can be included^. We know that the naive Higgsless SM (N + 1 = 
AI + 1 = 1) predicts the unitarity violation scale in the WqlWql scattering as, 
-^SM — VSttv ~ 1.2 TeV -'^'-' This is significantly lower than the conventional 
cutoff scale A ~ Airv ~ 3TeV as estimated by the consistency of chiral perturbation 
theorjES. So we will identify and analyze the minimal moose (MM) models that 
can exhibit an effective unitarity at least up to a scale E* >3 TeV. 

We perform the numerical analysis at the zeroth order of U{1) coupling g^y+i- 
We ensure the light mass Mw = Mwo — 80GeV and the lowest new gauge boson 
mass Mwi ^ 800 GeV by the phenomenological consideration. We will consider 
one minimal moose SU{2f (g) U{1) (called MM3, N + 1 = 3 and M = 0) with the 
left(right)-handed fermions coupled to the site j — p — {j = q = 3) in Fig. 1, and 
another minimal moose (called MM4, A^+1 = 4 and M = 0) with the left(right)- 
handed fermions coupled to the site j = p = 1 (j = g = 4). We compute the unitarity 
limit E* for each model by scanning the parameter space in Fig. 8, where the E* 
with "non-geometric" inputs (of random-like pattern) are shown by solid curves and 
are compared to the "geometric" inputs (with relevant g^ 's and/or fj 's being equal) 
as depicted by dotted curves. We have chosen the scattering Wq^IVq^ ^ol^ol 
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in Fig. 8 for illustration since other channels are found to exhibit similar features. 
For this process the u-channel term in 1)75(1 is absent. [The exact tree- level amplitude 
of this scattering in the Higgsless SM (TV+l = M+l = 1) may be found in Eq. (3.17) 
of the first paper in [TB) which does not pose delayed unitarity violation.] 



0.3 



0.4 



0.5 



0.6 



f2 (TeV) 
0.7 O.i 



: (gi,<?2) = (3,4) 




Top to bottom (solid): = 0.4, 0.5, O.STeV 



: Top to bottom (solid): = 0.4, 0.5, O.STeV 



(b) 




: (5i,<?2, <?3) = (3,4.2,3.5), /i = lTcV 



0.3 



0.4 



0.5 



0.6 



0.7 O.i 
f3 (TeV) 



Fig. 8. Unitarity limit E* is shown for the moose SU{2)'^ ® U{1) (MM3) with p = in plot (a) 
as a function of /2 , and for the moose SU(2)* ® 1/(1) (MM4) with p = 1 in plot (b) as a function 
of /g. The solid curves are shown for three sets of non-geometric inputs which appear random-like. 
As a comparison, the dotted curves come from two sets of typical geometric inputs: Si = 92 ~ 
= ~ 0.43 TeV in plot (a); and = = 93 = 4, = 1 TeV, /2 = V3v in plot (b). 



Fig. 8 shows that either solid or dotted curves are generally quite flat and there 
exists no sharp "peak" when we vary in the plot (a) and /g in the plot (b). There 
is a sizable region on each curve to realize a nearly maximal scale E* ~ ^'max ■ The 
inputs for dotted curves mimic closely for certain flat-geometry settings, but for 
realizing E* ~ ^'max they clearly do not exhibit any real advantage over other non- 
geometric inputs (shown as solid curves). We also find E* to be less sensitive to the 
variation of the pattern of gauge couplings. To have a direct feeling, we explicitly 
list two sample inputs/outputs for each model. For the MM3 model with p = 0, in- 



2, 2008 1:38 WSPC/INSTRUCTION FILE HEDPF04DC 



24 H.-J. He 

putting {g^, (72) = (3-1, 4) and [f^, /j) — (0.5, 0.4) TeV, we derive the gauge boson 
mass-spectrum {Mwo^ Mwi, Mw2) — (0.08, 0.8, 1.3) TeV, and the unitarity viola- 
tion scale E* ~ 3.1 TeV. For the MM4 model with p = 1, inputting {g^, g2, g^) = 
(3, 4.2, 3.5) and {f^, /j, f^) = (1, 0.5, 0.38) TeV, we derive the gauge boson mass- 
spectrum {Mwo, Mwi, Mw2, Mws) ^ (0.08, 0.81, 1.3, 1.8) TeV, and the unitar- 
ity violation scale E* ~ 3.0 TeV; if we reduce the input values of {g^, 52) to 
(SiJ 92) — (2.5, 4) and keep other inputs unchanged, we obtain a very similar 
mass-spectrum (Mwo, Mwi, Mw2, Mws) ^ (0.08, 0.8, 1.2, 1.6) TeV and a uni- 
tarity limit E* ~ 3.1 TeV. 

We have also analyzed other moose models with different inputs of N+1 and/or 
p and found similar features, although the limit E* for each scattering process 
generally increases for larger N + 1 and smaller p , as expected. More systematic 
analysis including the effect of delocalized fermions will be given elsewhere.!^ 



6. Discussion and Conclusion 

In conclusion, using the powerful deconstruction approach has revealed that 4D 
gauge theories exhibit far richer dynamics than naive expectation. With this con- 
ceptually clean tool, we have formulated and classified the compactified 5D gauge 
symmetry breaking (without /with gauge group rank reduction) via spontaneous 
symmetry breaking in general gauge-invariant 4D moose theories. We demonstrate 
that various consistent 5D boundary conditions (BCs) as well as possible brane 
terms are automatically induced from taking proper continuum limits of the general 
gauge-invariant moose theory. 

We observe that the effective unitarity (delayed unitarity violation) is essen- 
tially a collective effect due to the participation in the EWSB from many gauge 
groups whose symmetry breaking scales {fj ) are higher than the SM EWSB scale 
V = (v^Gf)"^^^ and whose gauge couplings gj are larger than the SM SU{2)w 
coupling g . We find that the effective unitarity can be naturally realized in a wide 
class of 4D moose theories even with a few extra gauge bosons, without resorting 
to any known 5D geometry. As shown in Sec. 5, an important advantage of the ad- 
vocated non-geometric moose theories is that they contain much larger parameter 
space than the special geometric setting, so they open up much wider windows for 
accommodating experimental constraints while retaining effective unitarity. Mor e 
elaboration including the effect of delocalized fermions will be given elsewherJ^BI 

The precision constraints on our general moose theory (Fig. 1) with the SM 
fermions localized at arbitrary sites j — p (0 ^ p ^ N) and j — q {N + 1 ^ q ^ 
K + 1) have been systematically analyze In particular, by requiring a sizable 
gap between the light masses Mw,z and the first heavy masses Mw'.z' ( ^ VSttv ), 
a sum rule for the precision parameters (corresponding to S ) can be derived,^^ 



4:3^ 



Z 



^ "E ^ ^ -P^ ^ 4xl0-^ (86) 
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where p€ [0, A^) and {Af^} are eigenvalues of mass matrix M^^^^j^^. Although 
the precision data seem not to favor JHEJ, this phenomenological constraint may be 
evaded in a number of ways, e.g ., b y smearing the fermion location out of a single 
site in the general moose theoryj^ similar to the use of delocalized bulk fermions 
in certain 5D mo del 
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